P3317 HW from Lecture 4+5 and Recitation 3

Due Tuesday September 18

Problem 1. Neutral K Mesons

The neutral K mesons are denoted K? and K°. [We say the “kay-zero” and the “kay-zero-bar”
— the generic term for a K-meson is a kaon, pronounce “kay-on”.] The KV is a bound state of a
down quark and a strange antiquark — d5. The K is a bound state of a strange quark and a down
antiquark — sd. These are “anti-particles” in the sense that a K° and a K° can combine to produce

photons.

The strong interaction produces K" and K particles, but they are not energy eigenstates: the
weak interaction can convert a K° into a K°. This is analogous to the tunneling in our “double
well” problem in class. Because of this interconversion, the eigenstates of the (weak) Hamiltonian
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In words we call these the “kay-short” and “kay-long”.

That is, if we think of the symbol Kg representing a wavefunction, it obeys
HKY = EsK? (3)

and similarly
HKY = E K9, (4)

Both E, and Eg are approximately 500MeV, while their difference is E;, — Eg ~ 4 - 10~ 2MeV.

1.1. Suppose at time ¢ = 0 our kaon is described by a wavefunction
Y(t=0) = aKg + BK], (5)

where « and 3 are just some numbers satisfying |a|? + |32 = 1. By analogy to our usual rules
of quantum mechanics, the probability of being in the Kg state is |a|?, and the probability of
being in the K9 is |3]2. What will the wavefunction be at a later time, ¢? [Hint: How do energy
eigenfunctions evolve with time? By linearity you can consider each term separately. Please do not

substitute numbers in — use the symbols E1, and Eg for the energies.]

1.2. By writing Kg and Kg in terms of K° and K, find an expression for the probability of being

in the state K in terms of a and B.



1.3. Find an expression for the probability of being in the state K in terms of a and B.
1.4. Suppose at time t = 0 a strong interaction produces a K°. What will o and /3 be?
1.5. At what later time will the particle have a 100% chance of being in the state K9?

1.6. If the kaons are moving at roughly the speed of light, how far will they go before changing
into their antiparticles? Give your distance in meters [neglect any relativistic time dilation].

[ As an aside, the names “long” and “short” come from the fact that the K has a lifetime of about
5-10~8s, while the Kg has a lifetime of 10~!'s. As a second aside — in relativity one equates energy
and mass. Thus we say that the K% and Kg are the mass eigenstates. The K and K° are referred

to as the flavor eigenstates. |

Problem 2. The rotating frame

In class we modeled the interaction of an ammonia atom with microwaves via the differential
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where a is the amplitude of being in the symmetric state, b the amplitude for the antisymmetric

equation

state, and € is proportional to the electic field strength.

In class we studied this equation when a ~ 0. We found that there were separate contributions
from the two exponentials making up the cosine. One of these contributions was small. As you will
find out in this problem, one can exactly solve the dynamics (for any size b) if one throws away the

small contribution. In particular, we will solve the approximate problem:
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This is known as the “rotating wave approximation.” It is good as long as v + 2A > ¢, which is

essentially always true for the physical system.

2.1. We can get rid of the time dependence in Eq. (7) by making the Ansatz:

b(t) = e™b(t). (8)

This transformation is often referred to as “going into the rotating frame.”
Substitute this Ansatz into Eq. (7) to get an equation of the form
A B
o | ¢ ) = . (9)
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where A, B, C are all time independent. What are A, B, and C?
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2.2. Find the eigenvalues A1, A2 and eigenvectors (a1, b1), (az, b2), of the matrix. What are A1, Ao, a1, b1, as, bo
in terms of A, e, v. Note that the vectors are only defined up to a multiplicative constant. You do
not need to normalize the vectors (but your subsequent expressions should be consistent with your

choice).

2.3. Write the initial state, a = 0,b = 1 as the sum of these two eigenvectors. Write your answer in
terms of a1, b1, as, by. Do not substitute in your expressions for these quantities in terms of A, ¢, v.

2.4. What is a(t) and lNJ(t)? Write your answer in terms of aq, by, as, ba, A1, A2. Do not substitute
in your expressions for these quantities in terms of A, e, v.

2.5. If we are on resonance, v = 2A, everything simplifies. Write a(t) and b(t) for this case [in
terms of A and €.

2.6. If we are on resonance, v = 2A, there will be a time when the molecule has a 100% chance
of being in the symmetric state. What is the earliest such time? This is the ideal amount of time
that the molecule should be in the cavity.

2.7. In recitation 3 you numerically solved Eq. (6) — though you did it in a different basis. Rewrite
your code to solve Eq. (6) in the basis given.

Compare your numerical solution to your analytic “Rotating Wave” approximation. In particular,
take the resonant case v = 2A, with A = 1 and ¢ = 0.1. Make a properly labeled plot which
shows the probability of being in the symmetric state as a function of time — including both the
approximate and numerically exact solution. Choose your step size for the numerics sufficiently
small that there is no noticable error from the finite step size. Choose the scale of your graph
so that it includes a bit more than one "Rabi flop” (that is, choose the time interval so that the
probability of being in the symmetric state becomes maximal, and starts dropping again). Include
a legend.

Upload your notebook to Blackboard — but also include a print-out of your graph with the homework
sheets that you hand in.

2.8. Describe in words the difference between the results you found with the analytic approximation
and the numerics. What features are captured well by the approximation, and which are missed?

Problem 3. Write a matrix that corresponds to a finite difference approximation to the Harmonic
Oscillator Hamiltonian. Explain your notation.

Problem 4. Feedback
4.1. How long did this homework take?

4.2. Which of the following words come to mind when you think about this homework (feel free to
add your own words if you have something better): frustrating, fun, tedious, insightful, hard, easy,

useful, useless, fair, unfair



