P3317 HW from Lecture 15 and Recitation 8

Due Oct 23, 2018

Problem 1. Variational Energy of Helium Here we will estimate the ground state energy
of Helium. Helium has two electrons circling around a nucleus with charge +2. We will treat
the nucleus as stationary, and write down a wavefunction (7, 7%) for the two electrons. These
are Fermions, but we will take them to have opposite spin, so the spatial wavefunction will be

symmetric (7, 72) = ¥ (7%, 7). Given a normalized wavefunction, the energy is

5 5 5 et (2 2 1 2
E= [dr [d®ry \vrlw\ + V%) — p— a*a‘m || (1)

We can adimensionalize this equation by measuring energies in terms of Eg and lengths in terms

of rg to produce

E = /d3R1 / >R,

1.1. How is the dimensionless energy E related to the dimensionful energy £7 How is the dimen-

2 2 1
V 2 V e —_— = 2 . 2
5 (Vi bl + Vi, 0f?) - <R1+R2 |R1_R2‘>w] e

sionless distance ﬁl related to the dimensionful distance 7



Solution 1.1 (3 points). As some of you noticed, to make this work I really want to rescale 1 as
well. [Need to fix that in the question. Nobody pointed it out to me until the last minute.] lets
call the original wavefunction v, which has dimensions 1/length?. We then take

£ = EuE (3)
r = roR (4)
o= Y/rp (5)

This gives

EE, = /d3R1 /d3R2

K2 1 2 2 e? 2 2 1
oy L \V4 _ —_— t+ = — ==
<mr(2)> 2 (|VR1w‘ + ‘ R2w| ) <4’/T€07'0> Ry * Ry |R1 — R2| |¢

(6)
Thus we want to take
B— () = (-2 ™)
0~ mrg)  \dmeoro)
Solving for rg, we have
Amegh?
= 8
To €2m ( )
and .
me
Ey=——. 9
0 167m2h2e3 9)

I will give you full marks if you didn’t rescale v, in which case you would find the same rg, but
instead have an extra factor of TSL

Amegh? 6 et
Ey = . 10
0 < m ) 167m2h2el (10)

Of course this doesn’t have the units of energy, and you will run into problems on the future

questions.

1.2. Experimentally the ground state energy of Helium is £, = —78.975eV. What value of F does
this correspond to?

Solution 1.2 (2 points). Plugging in constants yields

me4
Eo = 167m2h2e? (11)
B (9.1 x 1073 kg)(1.6 x 10~19C)* 6.242 x 10'8eV (12)
16m2(1.054 x 10-34.J5)(8.85 x 101202 N~1m~2) J
= 27eV. (13)

Thus Ey = &;/Ey = —2.9.




1.3. We will make the variational Ansatz
5 s | R | | Ra|
Y(R1, Ry) = Aexp < S5q )P\ 50 ) (14)

Here d will be a variational parameter. Normalize this wavefunction by finding an expression for

A in terms of d. You may find it useful to use

/ dR R?e~ /4 = 243, (15)
0

Solution 1.3 (2 points). The normalization condition is

/d3R1 /d3R2 (R, By)l? = 1 (16)
The integrals separate, so
2
|AJ2 (/ d3R6|R|/d> =1 (17)
Taking A to be real, we have
L /d3R e~ 1Bl/d (18)
A
= dr / dR R%e~ i/ (19)
= 8md?, (20)

where we have used the given identity. Thus we have

1
= . 21
8md? (21)
1.4. Since 1 only depends on the length |R;|, the gradient is in the radial direction,
. oY
=Ri—. 22
Calculate this gradient.
Solution 1.4 (1 point).
1 .
Vet = _ﬁle' (23)
1.5. Calculate )
T, = /d3R1 /d3R2 5|qu¢\2 (24)



Solution 1.5 (2 points).
1
T, = /d3R1 /d?’Rszlew\? (25)
1
— d3 d3 - 2 92
Jer R o (26)
1
~ s (27)
1.6. Calculate 1
Vi= -2 /d3R1 /d3R2 — |2 (28)
Ry
You may find it useful to use
/ dRRe T/ = @2, (29)
0
Solution 1.6 (2 points).
, 1
Vi = —2//d3R1 /dSRQR\W (30)
1
_ ARy _
= —24? /d3R16 |Ral/d 7R226 |Ral/d (31)
d*Ry
— _2A —|R2|/d 32
[5G (32)
= —8rA / dRy Rye~ft2/4 (33)
0
= —8nd*A (34)
1
_ 1t 35
d (35)

1.7. The somewhat tricky part of the calculation is the expectation value of the coulomb repulsion

between the electrons,

1
V1o Z/d3R1 /d3R2 ﬁlw(ngRQ)lz (36)
|1 — Ra|
If we let 8 be the angle between R and .Pn:z, this integral can be written
00 e’} 1 1
V; :87r/ dRR2/ dRRQ/dcose 2, 37
. y B R s B Ty con(®) (37)

The integral over cos(f) is of the form

L dx -2 ! va+b—+va-1b
— = —Va—-bx| =2 . (38)
_1Vva—bx b 1 b
Use this identity to show that
! dx
=2/s 39
/1 VR?+ R} — 2R Rax / (39)

where s is the larger of R; and R. Hint: Use Va2 = |z|.
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Solution 1.7 (3 points). The cosine integral is of the form given, with a

b = 2R Ry. Thus the given identity yields

= R? + R3, and

1 dx
I = / 40
1R} + R} 2R Ryx (40)
B 2\/R%+R§+2R1R2 —/R?+ R - 2R Ry (41)
B 2R Ry
|R1 + RQ’ — ’Rl — RQ‘
= 2 . 42
2R1Rs (42)
Lets now consider separately the two cases R; > Re and Ry > R;.
If Ry > Rs, then
Ri+ Ry — Ri1+ Ry
I = 2 43
2R1Rs (43)
2
= = 44
= (44)
Conversely if Ry > Rq, then
Ri+Ry+ R1 — Ry
I = 2 45
2R1Rs (45)
2
= —, 46
= (46)
Thus proving the desired result.
1.8. The result in Eq. (39) allows us to write
0o Ry [e) 0o
Vig = 167r/ dR; Ry / dRy R2 [Y|* + 167r/ dR, R? / dRy Ry |¢)? (47)
0 0 0 Ry
Carry out the integrals. [By symmetry they should be equal to one-another.]
Solution 1.8 (3 points). Using the symmetry, we just consider the first term, and write
0o Ry
Vis = 321A% / dRy Rye /4 / dRy R3¢ Tt2/d (48)
0 0
o0 d
— 32742 / dR; Rye R/ [—d(Rg + 2Ryd + 2d2)e_R2/d]R ) (49)
0 2=
— 32742 / dRy Rie~f/d [2d3 — d(R% + 2Rad + 2d2)e—32/d} (50)
0
d5
= 3271A% (58) (51)
5
= Tomd (52)
1.9. One can combine these results to write
a p
E=——-.
24 (53)
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Find « and 8.

Solution 1.9 (2 points). The total energy is
E = 271+ 2Vi 4+ Vis (54)

_ 11 (5,51 (55)
442 167 ) d

Thus a =1/4 and =2 —5/(167).

1.10. In terms of a and 3, what is your best variational estimate of the energy? [Do not substitute
in your expressions.|

Solution 1.10 (2 points). Minimizing with respect to d, we find

a B

or d =2a/p. Thus
2 2 2
BB _ P

" 4a 20 4o’

1.11. Substitute in your expressions to calculate an upper bound for E. How close is it to the

(57)

experimental value of the ground state energy?

Solution 1.11 (2 points). Plugging in numbers
E=—(2-5/(167))* = —3.6. (58)

This is clearly wrong — since it is below the experimental observation. It is the right order of
magnitude, but not particularly close.
It turns out that I had a typo, and Eq. (37) should have been

[e%e) [e') 1 1
V; :87r2/ dR RQ/ dR RQ/ d(cos 2, 59
12 ; REA 2l | ( )\/R%+R%_2R1RQCOS(9>I¢I (59)

The only change this makes is to give § = 2 — 5/16, which yields E = —2.85, which is pretty
good! Sorry for the typo — it made the result much less satisfying.

Problem 2. An electron in one dimension has a wavefunction ¢ (z, o), with

P, 1) = Ae @Y (60)
bla,l) = AeCrE,

where a,d, A are constants, with d < a. These can be combined into a vector as



2.1. You measure the location of the electron. What is the probability that you find it near a?
[This is an easy problem. An electron with = a 4 § is "near” if ¢ is small compared to a. Since
d < a you don’t even need to do an integral. You should be able to instantly state the answer

(which is a number — independent of a or d — as long as d < a.]

Solution 2.1 (1 point). For d < a, the position-space wavefunctions for spin up and down states
are two sharp peaks about x = +a. To zero’th order, there is a probability of 0.5 of the electron
being found within a few d of 2 = a (with spin up), and probability 0.5 within a few d of z = —a.

2.2. Suppose you find the electron near a, what will it’s spin projection along the Z axis be?

Solution 2.2 (1 point). Almost certainly, the electron found near a has spin up along the % axis.

2.3. We will define spin angular momentum operators S, S;, Sy. There are a few different notations
for these operators, but they all mean the same thing. The most intuitive comes from representing

your wavefunction as a vector, whence

Y(w, ) 2\ 0 -1 Y(z, )
An equivalent way to think about it is that ¢ is a function of two variables: x and o. If I act on

1 with the S, operator, I get a new function ¢ = S,1. The function ¢ is also a function of two
variables: z and o. Clearly ¢(x,1) = ¥(z,1) and ¢(z,]) = —¢(x,]). We can write this as

(S:)(@, 1) = (B/2)(z,71) (63)
Similarly, with S, and Sy obey

(Sa¥)(z, 1) = (B/2)¢(x,]) (65)

(Sa¥)(z, L) = (B/2)¢(z,1) (66)

(Syp)(z, 1) = —i(h/2)¢(z,]) (67)

(Syv)(@, ) = i(h/2)Y(z,1). (68)

Is the wavefunction in Eq. (60) an eigenstate of any of these operators?



Solution 2.3 (3 points). The wavefunction 1/7 is not an eigenstate of any of these operators. This
would require 81/7 = )\zE for some number A. Simply multiplying them out is the simplest way to

prove this.
Another approach is to note that to be an eigenstate of S, S;, S, would require either:

S, : ¢($7T) =0or %Z)(%U =0 (69)
Sz w($7T) = iw(xai) (7())
Sy : T/’(%T) = :i:“/)(l’,i,), (71)

none of which are satisfied.

2.4. Write down a wavefunction v (x, o) which is an eigenstate of S, with eigenvalue //2. [It may

be easier to use the vector form.]

Solution 2.4 (2 points). Anything of the form

; (z) ) (72)

works.




Problem 3. Classical dipole in a uniform field

3.1. What is the energy of a classical dipole of dipole moment f in a magnetic field B. Hint: The
units of a dipole moment is current times area — and you can think about it as a small current loop
of area A with current I. The dipole moment is i = I Ai. The exact geometry is irrelevant as long
as the loop is sufficiently small. For the following problems imagining it to be a square loop may
help. Hint 2: Both i and B are vectors, but the energy is a scalar. Hint 3: As a last resort, you
can look it up in your electricity + magnetism text.

Solution 3.1 (2 points). We have two vectors fi and B, and we want to form the energy, U, which
is a scalar. The first guess is probably U o i - B. Let us check the dimensions. I remember that
on a charged particle, Force = quB, which means [energy] = [quB] x [length] = [BI] x [length]?.
Comparing this to the expression ji = [An, we see that the dimensions do indeed match for
U=j- B. Actually, we are still out by an important minus sign. We would normally expect a
dipole to align rather than anti-align with a magnetic field, and this represents the lower energy

state. The correct formula is therefore:

U=—ji-B. (73)

3.2. Does this uniform magnetic field exert a net force on the dipole? For simplicity, imagine the
dipole is formed from currents in a square shaped loop. Think about the force on each segment. If
there is a net force, write an expression for it in terms of x and B. [An alternative logic is to think

about how the energy varies as you move the dipole. The gradient of the energy is a force.]

Solution 3.2 (2 points). For a constant magnetic field, the energy —/i - B does not change when
you move the dipole while maintaining its orientation. So there can be no force. Considering the
dipole as a small square loop of wire, then the force on a straight segment is ﬁl = fl X EL, where
I is a vector in the direction of the flow of current. The opposite wire will be carrying current
in the opposite direction: ﬁg = I_;g x BL = —I_i x BL = —ﬁl. Therefore, the net force is zero,
> F=0.

3.3. Does this uniform magnetic field exert a net torque on the dipole? Think about the force

on each segment. If there is a net torque, write an expression for it in terms of & and B. [An

alternative logic is to think about how the energy varies as you rotate the dipole.]



Solution 3.3 (2 points). As we rotate the dipole, the dot product ji- B changes, hence the energy
changes and so there is a torque. The magnitude of the torque, 7, is given by (and in analogy to
F =—dU/dx):

au
= = —uB 4
T 0 U uB cos(0) (74)
= 7 = —pBsin(6). (75)

We’re not finished yet. Torque is really a vector. The formula above points to either:

? ?

F=ixB or 7=BxI[. (76)
To figure out, take the case that B is in the # direction and [ is in the g direction. We expect the
dipole to experience a torque rotating it into the +2 direction, to align it with B. This requires
T to be in the —Z direction, given that the torque will rotate the moment anti-clockwise around
its axis. This means that:

7=jixB. (77)

The alternative approach is to see that while the forces F from opposite sides of a square loop

are equal and opposite, their torques 7 x F add.

3.4. Our picture of an electron’s spin is that it is a spinning charged particle. Thus we have an
angular momentum aligned with . We define the ratio of the magnetic moment to the angular

momentum to be the ”gyromagnetic ratio”:

.1
L=—j 78
7 (78)

Given that 9,L = 7, you should be able to see that the dipole will precess. What will the precession
frequency be? [This is known as the Larmour precession frequency.]

Hint: You should have in your mechanics class seen differential equations of the form:
A =vh x A. (79)

The solution to this equation is that A precesses about the unit vector n with frequency v.

Solution 3.4 (2 points). Combining Eq. (13) of the homework with 8, = 7 gives:
1, 5o
—Oi = =B x [i (80)
Y
Ol = —yBB x [i. (81)

Reading off the precession frequency from this formula gives v = vB.
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Problem 4. Quantum dipole in a uniform field The quantum mechanical, Hamiltonian for a

spin-1/2 particle in a uniform magnetic field B = Bz is
H=—+vBS,. (82)

4.1. What should the energy of an electron in the |S = 1/2, ms = £1/2) state be in terms of the
gyromagentic ratio v and B. How does the energy between these levels compare with the Larmour

precession frequency?

This splitting between the levels is known as the “Zeeman effect.” The fact that you can relate
energy spacings to dynamics should not be surprising. [Think of the energy splitting in Ammonia,

and the rate of tunneling, ]

Solution 4.1 (2 points). The operator S, acts on the given states as:
h
Szll/Q,il/Q):i§|1/2,i1/2>. (83)

Thus we have 1
H|1/2,j:1/2>:ighyBll/Q,il/Q). (84)

The energies are therefore £hyB/2. They are related to the Larmour frequency by Fy = +hv/2.

Problem 5. Stern-Gerlach Effect

In this problem we will use semiclassical reasoning. We will treat the position of an electron
classically, and spin quantum mechanically. The problem can be done entirely with Quantum
Mechanics (and it is not too hard) but semiclassical arguments are very powerful, and it is useful

to get practice with them.

5.1. Suppose that a magnetic field points in the Z direction everywhere, but its strength varies —
ie. B = B(r)z. How will the energy E(r) of an electron in the |S = 1/2,m, = 1/2) state vary with

position?

Solution 5.1 (1 point). We have seen that F = —[i - B. Applied to the case at hand:

B(¥) = —pB(7) (85)

5.2. Given that the gradient of the energy is a force — what is the force on the electron?

Solution 5.2 (1 point). This time the B field is not constant. The force is given by:

F = —VE(7) = uVB(7) (86)
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Clearly an electron in the state |S = 1/2,ms = —1/2) feels an opposite force. If an electron is in a
superposition |S = 1/2,ms; = 1/2)+|S = 1/2,ms = —1/2), then it is not an energy eigenstate in the
magnetic field, and this semiclassical argument is not applicable. Instead, the |S =1/2,ms; =1/2)
component feels a force in one direction and the |S = 1/2,ms; = —1/2) feels a force in the other
direction. The electrons wavepacket will separate into two spatially separated bits — each with their
spin aligned in the £2 direction. This is the Stern-Gerlach effect. Eq. (60) is an example of what
the wavefunction might look like after the packet is pulled apart.

Problem 6. Fermi pressure: Consider a gas of NV spin-polarized fermionic lithium atoms trapped
in a magnetic trap. As far as we are concerned these are spinless point particles. As we pointed out
in class, you can find the many-body state of the atoms by filling up the N lowest energy states.
This is analogous to how we found the electronic state of an atom by filling up the hydrogenic

levels.

This procedure makes the cloud pretty big — from a phenomenological point of view it looks like
there is a force supporting the atoms. We call this “Fermi pressure.” One can think of the stability
of atoms, and in fact of all matter, as being a consequence of this “pressure.” In this problem you

will calculate this mysterious force.

The simplest way to measure the pressure of a gas is to put it in a box, with a piston, then try
pushing on the piston. The pressure is the force per unit area on the piston at equilibrium.

We can use energetics to calculate the pressure. If we compress the fluid we do work. The work
done is the force times the distance — which is just the pressure times the change in volume. Thus

pe— <g§>N. (87)

As you probably recall from your introductory courses, there are some subtleties about if we let
the gas heat up during the compression, but for a zero temperature calculation is fine. We should
carry it out at fixed number of particles.

6.1. Suppose we put fermions in a box of size L, x L, x L. Lets fill all states with energy less than
er. How many particles will there be? (Assume ef is large, so all of the sums can be approximated
by integrals, and you don’t have to worry about rounding. Also, as we already said, ignore spin.)
This gives N(ep). We call ep the “Fermi Energy.”

[Hint: You can do this with either hard wall or periodic boundary conditions — you get the same
answer either way. The eigenstates are labeled by three quantum numbers k., &y, k., and £ =
h2(kZ + k2 + k2)/2m. You need to first figure out what the allowed values of ky, ky, k. are. You
then need to figure out which of these yield energies less than ep. Finally, add them up (replacing
the sums with integrals). You should find the result only depends L,, L, and L, through their
product V =L, x Ly, x L. |
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Hint: Here is how I would make this argument. Lets use hard wall boundary conditions. In that
case the allowed values of k., k,, k. are k, = mny/L,, k, = mny/L, and k, = mn,/L, where
Mg, Ny, N, are positive integers. The total number of particles will be

N= ) 1 (88)

T My, Mz

with the constraint that the n’s are positive and

2 2 2
ng Ny ni _ 2mep
=+ =5+ =5 < —55 89
L2 * L2 * L2~ 72h? (89)

_ 3
N_///’L?c+"?2’+”5<1 an. (%0)

ng >0,ny, >0,n, >0

where

L2
a, = ZEL (1)
™

with o, and o, given by identical expressions with just x — y, 2.
The integral in Eq. (94) is straightforward. You can do it in Cartesian coordinates, but it is easier
to first rescale axes, and use spherical coordinates. Define

Sy = ng/ag (92)
dng
d X - ) 93
W= (93)

and equivalent scalings for the other directions. This gives an integral
N = d3s. 94
Sz >0,5,>0,5,>0

The last integral is now trivial in spherical coordinates — or you can recognize it as 1/8th the
volume of the unit sphere.

Solution 6.1 (1 point). Following the argument in the box, one has
14
N = O[xayazggﬂ' (95)
1V [2 3/2
_ Y (zmer (96)
672\ h?

6.2. Add the energies of all these particles to get how the total energy as a function of the Fermi
energy, E(er).
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Solution 6.2 (3 points). Following the same argument, we have

E= Z Enz,ny,nzv (97)

N,y Nz
where
772 n2 2 2
Erpngn: = 5= | 75+ 75+ 75 (98)
N, Ty T 2m (L% Lg L?
2 2 2
X Yy Z
= | =+—=5+—= (99)

Again converting this into an integral yields

E = ///n2 L Enynym. d°n (100)
ol
n

a2 a2
ag az

x> 0,ny>0,n,>0
= €papa,Q /// |52 d3s. (101)
YT 3§+s§+s§<1
8z >0,8,>0,5, >0

Changing to spherical coordinates,

4
E = E;Tepozgﬁozz,,az/54ds (102)
™
= {geromoyo (103)
_ eV (2mep)*? (104)
10 72 h2
_ %@N (105)

6.3. You have one expression which gives N(er), and a second which gives E(er). Combine these
expressions to eliminate e, and yield E(N).

Solution 6.3 (2 points). Solving Eq. (96) for e, we have

1 [(6mr2N\*?
r o= - ( 7 ) (106)
n? (N\*?
= mﬁﬁﬁ%n(v> (107)
Substituting this into Eq. (105) gives
_ 3 a 22/3 h? N°/3

6.4. Calculate the pressure by taking the derivative with respect to volume.
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Solution 6.4 (1 point).
oE
()
ovV ) n
2F
= 2(6772)2/3ii N i
5 2m \V

6.5. This argument applies to any fermions — not just lithium atoms. In a typical metal (say
copper) the electron density is about 10%?/m3. Estimate the Fermi pressure of the electrons (in
Pascals). Do not worry about spin — it does not change the answer much. To understand if this
number is big or small, you can compare it to the yield strength of copper (70MPa)?

Solution 6.5 (2 points). If we assume that the electrons are spinless, then all the previous results
can apply. Hence given that N/V = 10* m~3, we get:

6.62606957/(2 10734 Js)?

_ ( /(2m) x s) (67r2 % 102 m—3)5/3

3072 x 9.10938291 x 103l kg (110)
=8x10"Pa

This is about 1000 times the yield strength of copper. This makes sense: You can think of the

chunk of copper as a wall built out of legos. The Fermi pressure tells you about the strength of
the bricks. The wall falls apart with less force than the bricks themselves.

Problem 7. In deriving the Hartree approximation, we used the following result

/dmdrzp(n)M - 2¢i(r)/d7“2 p(r2) (111)

|r — 7ol

1)
63 (r)
where

o) = 3 lou(r)* (112)

Here you will prove this by discretizing space. To keep life simple, we will work with an analog 1D
integral

U= [ ded'V (o~ o) p(o)p(a'), (113)
where
plx) = |di(x)]*. (114)
i
7.1. Suppose we discretize space, defining p only on a set of discrete points 1, xo, - where the

x;j are separated by a distance d. Define p, = p(x,). The integral (113) can be approximated by a
sum

U= Anmpnpm. (115)

nm

Find A,,;,,. [Don’t forget the measure — your answer should involve §.]
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Solution 7.1 (1 point).
Apm = V(|2n — ])6> (116)

7.2. In terms of entries in the matrix A, what is

ou
—7 117
e (117)
Do not substitute your expression for Anm into this.
Solution 7.2 (2 points).
opy opt

=2 Z Anlpn
n

We used the fact that A, = A, in the last step. (Full marks even if you didn’t note this
simplification.)

7.3. We define ¢j,, = ¢i(r,). What is
Opn 0
0%,

(119)

Solution 7.3 (2 points). Since p(z) = >_, ¢}(z)¢;(x), we have p, = p(xn) = >_; ¢7(2n)dj(2s) =

Opn _ O, 65u0in)
067, %5 (120)
7.4. Using chain rule, find
ou
121
96 .

in terms of A,,.

Solution 7.4 (2 points). Using chain rule,

W (200
8¢:l " Opn a(b;kl

=2 Apipmoi
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7.5. If x = x,,, we define
oU 1 0U

= (123)
5¢j () ¢ aﬁb]’m
Use your answers to the previous subproblems to write
oU
124
6975 (x) (124)
in terms of a sum over p,,’s.
Solution 7.5 (2 points).
U 10U
665(x) ~ 6085,
2
= 5D Anmpndim (125)
=20 V(|zn — Tm|)pnim
7.6. Interpret your result as a Riemann integral to express
oU
126
505 (@) 20
in terms of an integral over p(zx).
Solution 7.6 (2 points).
oU
56 (x) = 262 V(|zn — mepn(bjm
J n (127)

2 [ @y - o)) o560

Problem 8. Consider the adimensionalized time independent Schrodinger equation for a a particle

in a double well potential

Bi(z) = — 5 020(w) + Vol — 1)(z).

8.1. Plot the potential.
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Solution 8.1 (3 points). Any V; is fine. For V; = 20 we have:
30}
25}

20}

V(x)

15)

10}

5.

o 3
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

8.2. Numerically calculate the energies of the lowest 6 eigenstates as a function of V4. Make a
plot of E vs Vj showing these six eigenvalues, with Vj running from 1 to 50. [Plot them all on one

graph.]

45 First six energy eigenvalues against V;

40|

Energy eigenvalues

0 10 20 30 40 50
Solution 8.2 (3 points). Yo

When the barrier becomes large, you should see the lowest two levels separate from the others,
and become nearly degenerate. These are the two-levels we used when we modeled Ammonia as
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a two-level system. For that modeling to be sound, there must be a separation of energy scales:
The separation between the two levels must be much smaller than their offset from the rest of the

spectrum.

8.3. Looking at your graph, how big do you think V[, needs to be before one can treat this as a

two-level system [at least in a low energy experiment|?

Solution 8.3 (2 points). Now, I would say that V) = 10 is probably plenty good enough. Just
eyeballing the plot, it looks like AFE;2 ~ 0.1 here while the separation with the higher energy

states is ~ 5.

Problem 9. Feedback
9.1. How long did this homework take?

9.2. Which of the following words come to mind when you think about this homework (feel free to
add your own words if you have something better): frustrating, fun, tedious, insightful, hard, easy,

useful, useless, fair, unfair
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